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Abstract 
In this paper, we illustrate a method (called the ECO method) for enumerating some classes 
of combinatorial objects. By means of an operator, able to satisfy two particular conditions, 
we give some recursive descriptions of these subclasses. We use these descriptions to deduce 
the functional equations atisfied by the classes' generating functions. We then illustrate some 
applications of the method to the whole class of plane trees, to right-leafed trees and to tip- 
augmented trees, and determine their generating functions according to the number of their 
internal nodes, the number of their leaves, their right branch length and their internal path 
length. 
R~sum~ 
Dans cet article nous pr~sentons une mrthode pour l'rnumrration de certaines classes d'objets 
combinatoires appelre mrthode ECO. En utilisant un op~rateur qui satisfait deux conditions par- 
ticulirres, nous d&erminons des descriptions rrcursives pour les classes considrrres. En utilisant 
ces descriptions, nous drduisons des 6quations fonctionnelles qui sont vrrifires par la fonction 
grn~ratrice de ces classes. Nous drcrivons l'application de cette mrthode fi la classe de tousles 
arbres planaires, fl celle des arbres feuillus fl droite et fl celle des arbres tip-augmented. Pour 
ces classes, nous trouvons la fonction grnrratrice selon le nombre de sommets, le nombre de 
feuilles, la longueur de la branche droite et la longueur du chemin interne. 
1. Introduction 
Tree enumeration is widely practised in combinatorics and in the analysis of algo- 
rithms. Many different ools and tricks have been used in approaching this problem 
in the various classes of trees. A survey of the results and methods concerning this 
subject can be found in books by Comtet [3], and Goulden and Jackson [8]. In this 
paper, we present a method for enumerating some classes of combinatorial objects and 
we consider some applications of this method to some classes of plane trees. 
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Given a class 5: of  combinatorial objects and a parameter p of 5 e, we introduce 
an order relation -< on 5:n = {x E 50: p(x)----n}. I f  we are able to define an opera- 
tor which satisfies two particular conditions by using the order relation, then we can 
construct each object Y E 5:n+1 from another object X E 5:n, and every Y E 5e,+l is 
obtained by only one X E Sen. Therefore, we have a recursive description of 5e's ele- 
ments. We call this method ECO. In some cases, from this recursive description we can 
deduce a functional equation satisfied by 5: 's  generating function. By solving these 
functional equations, we determine 5a's generating functions according to various pa- 
rameters. A similar method was used in [2,6,7]. We apply the ECO method to some 
classes of plane trees and obtain some new constructions of the classes from 
which we can deduce their generating function according to various 
parameters. 
Section 2 of this paper contains the description of  the ECO method. In Section 3, 
we give two lemmas for solving the functional equations obtained. In Section 4, we 
illustrate some applications of the method to the whole class of plane trees, right-leafed 
trees and tip-augmented trees. The last two classes of  plane trees are related to Motzkin 
numbers and are described in [4, 5]. We establish their generating functions according 
to the number of  their internal nodes, the number of  their leaves, their right branch 
length and their internal path length. 
2. The ECO method 
Let 5 e be a class of combinatorial objects. Let p be a parameter of 50 (i.e., 
p : 50 ~ ~+)  and 6:n = {x E 5:: p(x) = n}. An operator 0 on 5 e is a function from 
to 2 ~+~, where 2 ~+~ is the power set of 6:~+a. 
Proposition 2.1. Let O be an operator on 6:. I f  z9 satisfies the followin9 conditions: 
1. VY E ~n+l 3X  E S#n, such that Y E O(X), 
2. let X1,X2 E Aan and X1 ¢ X2, then 0(X1) M O(X2) =0,  
then the followin9 family of sets: ~n+l = {O(X): VX E San} is a partition of  S, an+l. 
I f  we introduce a total strict order relation -< on 5:n, we can reformulate the previous 
proposition in the following way: 
Proposition 2.2. Let t9 be an operator on 6:, such that 
1. VY E ~n+l ~X E ,-gan, such that Y E O(X), 
3. let X1,X2 E Sen and X1 -<X2, then VYl E 0(X1) and VY2 E O(X2), we have Y1 ~ Y2, 
then the followin9 family of sets: ffn+l = {0(X): VX E S#n} is a partition of 5e~+x. 
We can conclude that given a class 5 a of combinatorial objects and a parameter p on 
5:, we must introduce an order relation -< on Sen. I f  we are able to define an operator 
t9 which satisfies conditions 1 and 3, then Proposition 2.2 allows us to construct each 
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object Y E 6P,+l from an object X E 6a~ and every Y E ~n+l is obtained by only one 
X E 6en. Therefore, if we have an operator on 6e which satisfies conditions 1 and 
3, then we have a recursive description of 6P's elements. We call this method ECO 
(Enmnerating Combinatorial Objects). In some cases, from this recursive description 
we can deduce a functional equation satisfied by S~'s generating function. 
In the following sections, we apply the ECO method to some classes of plane trees. 
3. Tools for solving particular functional equations 
In this section, we state two lemmas for solving the functional equations obtained 
by the ECO method. These lemmas appeared in [2,1], respectively. We often denote 
the function A(s,x,y,q) by A(s) for brevity's ake. 
Lemma 3.1 (Bousquet-M61ou [2]). Let ~ = ~[[s,x,y,q]] be the algebra of  the formal 
power series in variables s, x, y and q with real coefficients, and let ~¢ be a sub- 
algebra of ~1 such that the series converge for s= 1. Let A(s,x,y,q) be a formal 
power series in ~[. Let assume that 
A(s) = xe(s) + x f (s)A(1) + xg(s)A(sq), 
where e(s), f ( s )  and g(s) are some given power series in d .  Then 
a(s )  = 
E(s) + E(1)F(s) - E(s)F(1) 
1 -F (1 )  
where 
E(s)=~xn+lg(s)g(sq)" 'g(sqn-1)e(sqn) ,  
n~O 
and 
F(s) -= ~ xn+lg(s)g(sq) ' ' '  g(sq n-1)f(sqn). 
n>~O 
The following lemma is a generalization of the previous one. 
Lemma 3.2. Let ~--R[[s ,x,  y, q]] be the algebra of  the formal power series in vari- 
ables s, x, y and q with real coefficients, and let d be a sub-algebra of ~l such that 
the series converge for s = 1. 
Let A(s,x,y,q) be a formalpower series in d .  Let assume that 
m 
A(s) = e(s) + x f (s)A(1) + ~ xi gi(s)A(sqi), 
i=1 
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where e(s), f ( s )  and 9i(s) for i E [1..m] are some 9iven power series in d .  Then 
A(s) = 
E(s) + E(1 )F(s) - E(s)F(1 ) 
1 -F (1 )  
where 
E(s )  = ~ xn g~n)(s)e(sqn),  F (s )  = ~ xn+I g~n) (s ) f ( sqn) ,  
n>~O n>~O 
with 
g (n)(s]-i , , -  gi+l(n-l)"s" @t ) g~(n-1)'s't )git'sq n-l,) for ic[1. .m -- 1], 
g(n)(s~ --  .q(n-1)tS~,~ (s~n--1 
m t l - -US  t ]~4mk "1 1~ 
a}l)(s)=gi(s), 9}°)(s)= 1 fo r iE  [1..m]. 
4. A construction for some classes of plane trees 
We define an operator t9 on some classes of  plane trees which satisfies conditions 
1 and 3 of Proposition 2.2. We obtain some new constructions of  these classes from 
which we deduce a functional equation satisfied by the classes' generating function. 
By means of Lemmas 3.1 and 3.2, we determine their generating function according 
to various parameters. 
4.1. Notations and definitions 
Let A be a finite set. A plane tree is an ordered partition {{a};A~;A2;... ;Am} of  A, 
such that a E A, and each A i is a plane tree. A's elements are called internal nodes (or 
nodes) and node a is called the root of the plane tree. A plane tree is an unlabelled 
tree (i.e., its nodes are indistinguishable). The sets AI,A2 ... . .  Am are the subtrees of 
the root. Each node of a plane tree can be the root of  some subtrees contained in the 
tree. The number of  a node's subtrees is called the degree of the node. An internal 
node of degree zero is called a leaf Each root is said to be the father of its subtrees' 
roots, which, in tum, are called sons of their father. The sons of  the same father are 
referred to as brothers. The level of a node is defined as follows: the root's level is 
0, and all the other nodes' level is one unit higher than their father's. A plane tree's 
kth level is the set of its nodes at level k. A traversal of a plane tree is a linear 
arrangement of its nodes. Let P be a plane tree. I f  a and a I are nodes of  P, we say 
that {aba2,...,an} is a path of length n from a to a t if a=al ,  at=an and ak is the 
father of  ak+~ for 0 <k  <n. The internal path length of P is the sum (evaluated over 
all the internal nodes) of  the lengths of  the paths from the root to each internal node. 
The riyht branch length of P is the length of  the path from its root to its rightmost 
internal node (the last one in the preorder traversal). 
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Fig. 1. A 1-2 tree. 
4.2. The operator 
Let 5a be a subclass of  plane trees. The parameter p :sa- -*  ~+ is the number 
of  internal nodes. Therefore 5an is the set of  the plane trees of 5a having n inter- 
nal nodes. We can apply the ECO method to the classes 5a such that each U E 5a~ 
can be produced from at least one P E 5an-! by adding a new leaf to P. These 
classes are called f irst order classes. The set of  all the plane trees is a first order 
class. 
Let 5a be a first order class. Let us extend each plane tree of  5a by attaching a 
special son to any of  its internal nodes. The new nodes are called external nodes. 
If  P E 5an-t, then we obtain a plane tree PrE  5an by replacing any of  P ' s  external 
nodes with an internal one. In Fig. 1, a 1-2 tree (i.e., a plane tree in which each 
node has degree 0 or 1 or 2) is illustrated. Let H be a traversal. Each tree P of  5a 
can be encoded as a binary bit-pattern Pb =(xlx2.. .Xn), in which an internal node is 
represented as a 1 and an external node as an 0, according to the H traversal. 
Definition 4.1. Let P, U E 5an and let Pb =(x lx2. . .Xn) ,  P~ = (Y lY2. . .  Yn) be the cor- 
responding binary bit-patterns. We define Pb -~ P~ if k exists such that 
• xi = Yi for 1 ~< i ~< k - 1, and 
• xk=0 andyk=l .  
For example, if H is the preorder traversal, then -< is a total strict order relation on 
the set of  all the plane trees (see Fig. 2). Let us now define the operator 0 obtained 
by traversal H on 5a. 
Def in i t ion  4.2. Let P E 5an. We denote 
• xI(P) as P ' s  last internal node in H, 
• o~(p) as the set of  P ' s  external nodes that follow xl(P) in H. 
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11010100 < 11011000 < 11100100 < 11101000 < 11110000 
Fig. 2. Plane trees having 4 internal nodes according to -~ obtained by preorder t aversal. 
P 
o~(P) 
Fig. 3. The set O(P) of a plane tree obtained by means of preorder traversal. 
Then O(P) is the set of the plane trees obtained from P by replacing a node of o~-(p) 
with an internal node. 
For example, if H is the preorder traversal, we obtain the set O(P) shown in Fig. 3. 
In the following sections, we consider the operators obtained by preorder and level 
traversal (i.e., we visit the root and the other nodes on increasing levels from left to 
right), and we denote these operators as Op and 01, respectively. 
4.3. Plane trees 
The set of all the plane trees is a first-order class. Let us denote this set by ~.  
The rightmost son of each node of a plane tree P E ~ is an external node (see 
Fig. 5). 
Proposition 4.3. The operators Op and •1 on the class ~ satisfy conditions 1 and 3 
of Proposition 2.2. 
By using one of these operators, we can construct 3~n from ~n--1. For example, by 
means of 0p, we can construct ~5 from ~4, as shown in Fig. 4. The two operators 
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Fig. 4. A construction obtained by tgp(P). 
yield two different recursive descriptions of plane trees. Each of them allows us to 
deduce a functional equation satisfied by the plane trees' generating function. 
4.3.1. Constructing by means Of Op 
We begin by translating the construction obtained by Op into an equation. Let P E ~. 
We denote (see Fig. 5): 
• r(P), P 's  fight branch length, 
• n(P), P 's  internal nodes number, 
• l(P), P 's  leaves number, 
• i(P), P 's  internal path length. 
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Fig. 5. Parameters (P), n(P), I(P) and i(P) of a plane tree. 
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Fig. 6. The construction obtained by 0p. 
~'s  generating function according to the above-listed parameters i : 
A(s,x, y, q) = ~ sr(P)xn(e)yt(P)q i(e). 
PE~ 
We often denote A(s ,x ,y ,q)  by A(s). P's right branch length is equal to the number 
of ~- (P) ' s  nodes (i.e., [~-(P)[ =r(P) ) .  Furthermore, for each k E [1..r(P)], there is 
e EW(P) ,  such that e's level is k (see Fig. 5). Let ~(P)={e l ,e2  . . . . .  er(e)}, where 
ek is the node at level k. We now perform the operator Op on P. Each tree of  Op(P) 
is obtained from P by replacing a node of ~(P)  by an internal node (see Fig. 6). 
• I f  we replace ek, with k E [1 . . r (P ) -  1], then we obtain pt  E Zgp(P), such that r (P ' )  = 
k+ 1, n (P ' )=n(P)+ 1, I (P ' )= I (P )+ 1 and i (P ' )= i (P )+k  + 1; 
• if we replace er(e), then we obtain P~ E Op(P) such that r(P ~) = r (P )+ l ,  n(P') = n(P) 
+ 1, I(P') = I(P) and i(P') = i(P) + r(P) + 1. 
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Therefore, the translation of this construction i to the generating function A(s,x,y,q), 
gives us 
r(P)-- 1 
~ sk+lxn(e)4-1yl(P)+lqi(P)+k+l÷ Z sr(P)+lxn(P)+lyl(P)qi(P)+r(P)+l 
PC,¢ ~ k=l PC~ 
_ sxyq (sqA(1,x,y,q) - A(sq, x,y,q))  + sxqA(sq, x,y,q). 
1 - sq 
The operator 0p applied to the set P gives all the plane trees P such that n(P)> 1, 
and consequently: 
Proposition 4.4. The plane trees' generating function A(s,x, y, q) verifies the following 
functional equation: 
A(s) = sxyq ÷ s2xyq2A(1) ÷ sxq(1 - y - sq) A(sq). (4.1) 
l sq -  1 - sq 
By means of Lemma 3.1 and Proposition 4.4, we get the following: 
Theorem 4.5. The generating function A(s,x, y,q) & given by 
with 
and 
A(s,x,y,q) = 
El(s)Eo(1) - El(1)Eo(s) +El ( l )  
Eo(1) 
xnsnqn(n+5)/2 n--1 
Eo(s) = 1 -s2xyq2 Z (sq;q)n+l H(1  - y -sqk+l ) '  
n~>0 k=0 
xnsnqn(n+3)/2 n--! 
E1 (s) = sxyq Z (sq; q), I-[ (1 - y - sq k+l ), 
n~>0 k=0 
r-t,- l(  where we denote (a;q)n = 11i=0 1 - aqi). 
Let us now take generating function A(1,x,y,q) into consideration. We denote 
the functions A(1,x,y,q), El(1,x,y,q) and Eo(1,x,y,q) as A(x,y,q), El(X,y,q) and 
Eo(x, y,q) for brevity's ake. By means of some computations, we obtain 
Lemma 4.6. The functions Eo(x, y, q) and El(x, y, q) satisfy the following equations: 
xq Eo(xq, y, q) = xq(1 - y) Eo(x, y, q) ÷ El(X, y, q), 
xq Ex(xq, y,q) = El(X, y,q) - xyq Eo(x, y,q). 
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Let us now use this lemma to prove that 
Proposition 4.7. The plane trees' generating function A(x, y, q) satisfies 
A(x, y, q)  -- 
El (x ,y ,q)  
Eo(x, y, q) 
xq 
l+xq2(1 -- y) 
xq 2 
1 +xq3(1 - y) 
xq 3 
1 + xq4(1 -- y)_X.q.4 
Proof. From Lemma 4.6, we deduce that 
A(xq, y ,q)  - XqEl(xq, y ,q)  _ E l (X,y,q)  -xyqEo(x ,y ,q )  
xqEo(xq, y ,q)  xq(1 - y )Eo(x ,y ,q )  + E l (X ,y ,q) '  
and so we obtain 
A(x, y, q) = xyq + xq(1 - y)A(xq, y, q) + A(x, y, q)A(xq, y, q). 
I f  .4(x,y,q) = xq(1 - y )  + A(x,y,q) ,  then 
.4(x, y, q) = xq 
1 + xq2(1 - y )  - A(xq, y ,q) '  
so the proposition follows. [] 
Proposition 4.4 and Eq. (4.2) give us 
Corollary 4.8. The generating function A(s,x, y, 1 ) satisfies 
A(s,x, y, 1 ) = sxy 
1 - s - sx + sxy + s2x (1 - s + sA(1 ,x ,y ,  1)), 
where 
A(1,x,y,  1) = 
1 - x + xy - V/1 - 2x - 2xy + X 2 - -  2x2y -+- x2y 2 
2 
-xq(1  - y). 
(4.2) 
4.3.2. Constructing by means o f  O1 
In this section, we use the construction obtained by 01. Let H be the level traversal. 
Given a plane tree P, let xl(P) be P 's  last internal node in H. From the definition of 
~(P) ,  it follows that ~(P)  is the set of P 's  extemal nodes following Xl(P) in H. 
In this case, if x E ~-(P), then x belongs either to the highest level or to the highest 
minus one level of P and it is on the right of xl(P) (see Fig. 7). We call right fringe 
length of P the number of ~(P) ' s  nodes (i.e., I~(P)]) .  
E. Barcucci et al./Discrete Mathematics 180 (1998) 4544 55 
LEVELS 
S 
. . . . . .  . . . . . . . . .  
0 
1 
2 
3 
4 
5 
tiP) = 5 
I(P)= 6 
n(P)= 12 
Fig. 7. The set ~ ' (P )  of a plane tree P obtained by level traversal. 
6 k .......... C 2 e I 
e k+l 
Fig. 8. The construction obtained by a91. 
We denote: 
• f (P ) ,  P 's  right fringe length, 
• l(P), P 's  leaves number, 
• n(P), P 's  internal nodes number. 
The plane trees' generating function according to the above-listed parameters i the 
following: 
Al(t,x,Y) = ~ tf(P)yl(P)xn(e). 
PE~ 
Let ~(P)  = {el,e2,...,ef(e)}, where, for each k E [1..f(p)], ek follows ek+l in H. If 
we perform 01 on P, then each tree of 01(P) is obtained from P by replacing a node 
of ~-(P) with an internal node (see Fig. 8). 
• If we replace ek with 1 <~k<<.f(P)- 1, then we obtain P'  E OI(P), such that f (P ' )  = 
k + 1, n(e ' )  = n(P) + 1, I(P') = I(P); 
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Fig. 9. A right-leafed tree not satisfying conditions 1 of Proposition 2.2. 
• if we replace ef(p), then we obtain P 'E  01(P), such that f (P ' )  = f (P )+ 1, n (U)  = 
n(P) + 1, l (P')  = l(P) + 1. 
By proceeding as in the previous section, we obtain 
Proposition 4.9. The generating function Al ( t ,x ,y)  satisfies 
Al(t,x, y)  = txy - 
t2x 
1 - t + tx - txy + t2xy ( txy - A(1,x, y, 1)). 
From Corollary 4.8, A(t,x, 1, 1) = Al(t,x, 1), and so 
Proposition 4.10. The number Pn,k o f  plane trees with n internal nodes and right 
branch length k is equal to the number o f  plane trees with n internal nodes and right 
fr inge length k. Moreover, 
1) 
Pn,k = - 1 2n----k- 1' 
which are the well known Ballot Numbers [3]. 
4.4. Right-leafed trees 
In this section, we examine a particular subclass of plane trees studied by Donaghey 
and Shapiro [5] and related to Motzkin numbers. 
A right-leafed tree is a plane tree in which each node is the father of one leaf at 
most and the leaf must be its rightmost son. Each internal node of degree 1 is not 
the father of any external node (see Fig. 9). The set of the right-leafed trees is a first 
order class. Let us denote this set by ~.  It is easy to prove that 
Proposition 4.11. The operators Op on the class 5a satisfies conditions 1 and 3 o f  
Proposition 2.2. 
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The operator ~91 on  the class &O does not satisfy condition 1 because there is no 
right-leafed tree X having l0 internal nodes such that Ol(X) contains the fight-leafed 
tree shown Fig. 9. 
Remark 4.1. By using level traversal on &O, it is possible to obtain a construction of 
&°n from &on-! and &on-2 (not illustrated in this paper). 
4.4.1. Constructing by means of Op 
The right-leafed trees' generating function according to the number of their internal 
nodes, the number of their leaves, their right branch length and their internal path 
length is the following formal power series: 
L(s,x, y,q) = ~ sr(P)xn(P)yl(P)q i(P). 
P E .LP 
The fight branch length of P E &O is equal to the number of ~-(P)'s nodes plus one 
(i.e., r(P) = I~(P)I + 1). Furthermore, for each k E {1,2 . . . . .  r (P ) -  2,r(P)}, there is 
e E~(P) ,  such that e's level is k. Let ~(P)  = {ebe2 ..... er(e)-z, er(e)}, where ek is 
the node at level k. We now perform Op on P (see Fig. 10). Each tree P E &O is such 
that n(P)>12; therefore, Op applied to the set &O gives all the plane trees P E &O, such 
that n(P)>2. By proceeding as for class ~, we have 
Proposition 4.12. The right-leafed trees' generating function L(s,x, y,q) satisfies 
s2xyq2 L( L(s) = s2x2 yq 3 + ~ 1) + 
x( sq s2 q 2 - - YlL(sq). 
1 - sq 
(4.3) 
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By means of Lemma 3.1 and Proposition 4.12, we obtain the following: 
Theorem 4.13. The generating function L(s,x,y,q) is given by 
with 
and 
L(s,x,y,q)= 
El(s)Eo(1)-El(1)Eo(s)+Ea(1) 
Eo(1) 
q2n n -  1 X n 
Eo(s) = 1 - s2xyq  2 ~ (sq; q)n+l I ' I  (sqk+l - s2 q2(k+l) --  Y)' 
n~>0 k=0 
xn q2 n n--1 
El(S) : s2x2yq 3 ~ (sq; q)n 1-[ (sqk+l -- s2q2(k+l) -- y)" 
n~>0 k=0 
We denote the functions L(1,x,y,q), El(1,x,y,q) and Eo(1,x,y,q) as L(x,y,q), 
E1 (x, y, q) and Eo(x, y, q) for brevity's ake. After some computations, we prove that 
Lemma 4.14. The functions Eo(x, y, q) and E1 (x, y, q) satisfy the equations 
xq Eo(xq, y,q)= xq Eo(x, y,q) + E~(x, y,q), 
xq E1 (xq, y, q) ---- - x2yq 3 Eo(X, y, q) + E1 (x, y, q). 
By means of this lemma, we obtain 
Proposition 4.15. The generating function L(x, y,q) satisfies 
E1 (x, y, q) _ xq(1 + xyq 2) 
L(x, y, q) = E0(x, y, q) 
1 + xq 2 - 
1 + xq 3 
xq2(1 + xyq 3) 
xq3(1 + xyq 4) 
1 +xq 4 xq4(1 +. xyqS) 
Proof. From Lemma 4.14, we deduce that 
L(xq, y, q) - 
xq E1 (xq, y, q) = El (x, y, q) - x 2 yq3 Eo (xq, y, q) 
xqEo(xq, y,q) xqEo(x,y,q)+El(x,y,q) ' 
and so we obtain 
- -  xq .  
L(x, y, q) = x 2 yq3 + xqL(xq, y, q) + L(x, y, q)L(xq, y, q ). (4.4) 
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I f  £(x,y,q) =xq +L(x,y,q), then 
£(x, y, q) = 
xq(1 + xyq 2) 
1 +xq 2 -L(xq, y,q)" 
Hence, the proposition is proven. [] 
From Proposition 4.12 and Eq. (4.4), we have 
Corollary 4.16. 
L(s,x, y, 1)= 
where 
L(1,x,y, 1)= 
The generating function L(s,x, y, 1 ) satisfies 
s2xy 
1 +xy-s (1  -~-X)'~-S2X (  ~ xs  ~ Z(  l ~ x~ y~ 1)), 
1 -x -  V/1 --2X-~-X 2 --4x2y 
2 
Remark 4.2. From Corollary 4.16, we have 
1 - x - x/1 - 2x - 3x 2 
L(x, 1, 1 ) = 2 
Therefore, we obtain the same result as Donaghey and Shapiro [5]. That is, the number 
of  right-leafed trees with n internal nodes is equal to the (n - 2)th Motzkin number: 
[xn]L(x , l ,1)=mn_2=E 1 (n -2 ) (2k)  
k>~o ~ 2k 
Remark 4.3. I f  y = 1, we have 
El(X, 1,q) 
L(x, 1, q) -- 
Eo(x, 1, q)' 
where 
eo(x, 1,q) = y~ ( -  1)" 
n>~O 
and 
xnq2n (_q3; q3 )n 
1 - -  qn + q2n (q2; q2)n ' 
El(x, 1,q) = E (-1)nxn+2q2n+3 (_q3; q3)n 
n>~O (q2;q2)n " 
4.5. Tip-augmented trees 
A tip-augmented tree is a plane tree whose internal nodes having degree >0,  are 
each the father of  one leaf at least, and one of these leaves must be its let~rnost son [4]. 
The root of  a tip-augmented tree is the father of  an external node. Each internal node 
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Fig. 11. Two tip-augmented trees. 
having at least one left-brother is the father of an external node (see Fig. 11). The set 
of the tip-augmented trees is a first-order class. Let us denote this set by J- .  It is easy 
to prove the following proposition. 
Proposition 4.17. The operators Op and Ol on the class Y satisfy conditions 1 and 
3 of Proposition 2.2. 
4.5.1. Constructing by means of Op 
In this section, we use the construction obtained by 0p. The tip-augmented trees' 
generating function according to the number of their internal nodes, the number of 
their leaves, their right branch length and their internal path length is the following 
formal power series: 
T(s,x, y,q) = ~ sr(e)xn(e)yt(P)q i(e). 
pE °j 
We define the following sets: ~ = {P E ~'-: xffP) has brothers} and J2 = ~-- - Jll. 
The right branch length of PE~-] (PE~2)  is equal to ]~(P)] ( I~- (P ) ] -1 ) .  For 
each P E 5- and for each k E [1..r(P) - 1], there is e E o~(P), such that e's level is k. 
Moreover, for each P E J1 there is e E ~(P) ,  such that e's level is r(P) (see Fig. 11). 
• I f  we replace e E ~(P)  such that e's level is k with k E [1..r(P) - 1], then we obtain 
P '  E zgo(P) such that P '  E 9]1, r(P') = k + 1, n(P') = n(P) + 1, I(P') = I(P) + 1 and 
i(P') = i(P) + k + 1; 
• if P E ~11 and we replace e E ~(P)  such that e's level is r(P), then we obtain 
P '  E 0p(P), such that P '  E J2, r( P' ) = r( e ) + 1, n( P' ) = n( P ) + 1, l ( P' ) = l ( e ) and 
i(e') = i(P) + r(P) + 1. 
Therefore, the translation of this construction into its generating functions gives us 
T(s,x, y, q) = TI(S,X,  y, q) + T2(s ,x ,  y, q), 
T1 (s, x, y, q) = sxyq + ~ (sqT( 1, x, y, q) - T(sq, x, y, q)), 
Tz(s,x, y, q) = sxqTl(Sq, x, y, q). 
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Consequently, we obtain 
Proposition 4.18. The tip-augmented trees' generating function T(s,x, y,q) satisfies 
1 sxq 3 
T(s) =sxyq(1 + sxq2)+ s2xyq 2 ~ + 1 _-~q2 j
sxyq 2 2 3 
~x'yq-  T 2 (4.5) x T (1) -  1-(-~qT(sq) 1 - sq  2 (sq) .  
By means of Lemma 3.2 and Proposition 4.18, we obtain the following: 
Theorem 4.19. The generating function L(s,x, y,q) is given by 
EI(S)Eo(1 ) - El(1 )Eo(s) -4- El(1 ) 
T(s,x,y ,q)= 
Eo(1) 
with 
and 
with 
and 
El(y) = ~ sxn+lyqn+l(1 +syqn+2)o]n)(y), 
n >~O 
Eo(y) = 1 - Z s2xn+lyq 2(n+l) ( 1 
1 - yqn+l 
n>~O 
sxq n+3 
+ 1~ y-~+2 ,t O~")(Y) 
g~n)(s) (n--l) n--1 (n--2) n--2 = 01 (s)gl (sq ) + gl (s)g2(sq ), 
o~°)(s)  = 1 
gl(S) = syq 1' g2(s)----- s2yq3 
yq-  sq 2 -- 1" 
We denote the functions T(1,x,y,q), El(1,x,y,q) and Eo(1,x,y,q) as 
T(x,y,q),El(X,y,q) and Eo(x,y,q) for brevity's sake. After some computations, we 
prove: 
Lemma 4.20. The functions Eo(x, y, q) and El(X, y, q) satisfy the following equations: 
-xZyq 3 Eo(xq, y, q) = xyq Eo(x, y, q) - E1 (x, y, q), 
_x 2 yq3 E1 (xq, y, q) = xyq Eo(x, y, q) - E1 (x, y, q) + x 2 yq3 Eo(x, y, q). 
62 E. Barcucci et aL /Discrete Mathematics 180 (1998) 45~54 
Let us now use this lemma to prove 
Propos i t ion  4 .21 .  
T(x, y, q) -- 
The tip-augmented trees' generating function T(x, y, q) satisfies 
El(X, y, q) _ x2yq 3 
+ xyq. 
Eo(x, y, q) 1 - xyq 2 - x2yq5 
1 - xyq 3 
x2yq 7 
1-xyq4 9 
Proof. From Lemma 4.20, we deduce that 
xyq E0(x, y, q) - E1 (x, y, q) + x2yq 3 g0(x, y, q) 
T(xq, y, q) = 
xyq Eo(x, y ,q)  -- El(x, y ,q)  
= xyq(1 +xq 2) - T (x ,y ,q)  
xyq - T(x, y ,q)  ' 
and so we obtain 
T(x, y, q) = xyq(1 + xq 2) - xyqT(xq, y, q) + T(x, y, q)T(xq, y, q). (4.6) 
If ~P(x, y,q)  = -xyq  + T(x, y,q), then 
T(x, y, q) = 
x2 yq 3 
1 -- xyq 2 -- T(xq, y, q)" 
Hence, the proposition is proven. [] 
From Proposition 4.18 and Eq. (4.6), it follows that 
Corollary 4.22. The generating function T(s,x, y, 1 ) satisfies 
T(s,x,y,  1)= 
sx y( 1 + sx ) 
1 - (1  -xy )s+x2ys  2(1 ~ s + s T~ I ~ x~ y~ 1)), 
where 
1 +xy  - V /1  - 2xy  - 4x2y +x2y 2 
T( l ,x ,y ,  1)= 2 
Remark 4.4. From corollary 4.22, we have 
1 + x - x /1  - 2x  - 3x 2 
T(x, 1, 1)= 2 
Therefore, we obtain the same result as Donaghey [4]; that is, the number of 
tip-augmented trees having n internal nodes is equal to the (n -  2)th Motzkin number 
for n~>3. 
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4.5.2. Constructing by means o f  Ol 
In this section, we use the construction obtained by 01. The tip-augmented trees' 
generating function according to the number of their internal nodes, the number of 
their leaves and their right fringe length is the following formal power series: 
Tfft, x ,y )  = ~ tf(P)xn(P)y I(P). 
Pc~- 
Let ~(P)={e l ,e2  . . . . .  ef(p)}, where for each k E[1. . f (p) ] ,  ek follows ek+l in H. 
If  we perform 01 on P, then each tree of Ol(P) is obtained from P by replacing a node 
of ~-(P) by an internal node. 
• I f  we replace k with 1 <~ k <<. f (P )  -1 ,  then we obtain P 'E  01(P), such that f (P ' )  = k, 
n(P') = n(P) + 1, l(P') =/(P); 
• if we replace ef(e), then we obtain pt E 01(P), such that f (P t )  = f (P )  + 1, n(P ~) = 
n(P)+ 1, t(e')= l(e)+ 1. 
The translation of this construction into its generating functions gives us 
Proposition 4.23. The generating function Tl( t,x, y)  satisfies 
Tl(t,x, y)  = txy - 
tx 
1 +x - t - txy  + t2xy ( txy -- .rr,lt~,x, y, 1 "~11. 
5. Conclusions 
We illustrated a method (called the ECO method) for enumerating some classes of 
combinatorial objects. We described three applications of the ECO method: namely, 
to the whole class of plane trees, to the class of right-leafed trees and to the class 
of tip-augmented trees. The method can also be applied to many other classes, such 
as 1-2 trees, binary and m-ary trees, and so on. For instance, the 1-2 trees' gen- 
erating function defined according to the number of their internal nodes, the number 
of their leaves and their right fringe length and obtained by means of level traversal, 
is: 
2txy(1 + tx)(1 - t) + t2(1 +xy)(1 -x  - VII - 2x +x  2 - 4x2y) 
B(t,x, y)  -- 
2(1 - t + tx + t2 yx 2) 
Moreover, we can apply the ECO method to some other classes of combinatorial ob- 
jects, such as lattice paths [1], permutations and directed animals. 
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